Peano created his own school of mathematics, the best known representatives of which are Cesare Burali-Forti (1861-1931), Mario Pieri (1860 Pieri ( -1913 , and Alessandro Padoa . He also actively corresponded with the leading mathematicians of his time, including Georg Cantor (1845-1918), Frege, Felix Klein (1849 -1925 , Russell and many others. His controversy with another famous professor at Turin, Vitto Volterra , is well-documented in [5, Chapter 8] .
During his life Peano was well recognized as a mathematician in Italy. In 1891 he was elected a member of the Academy of Sciences of Turin, and in 1905 he became a Corresponding Member of the Accademia dei Lincei -considered as one of the highest honors for an Italian scientist. In addition, he was first made a Knight of the Crown of Italy (1895), then an Officer of the Crown of Italy (1917) , and finally Commendatore of the Crown of Italy (1921) .
The international influence of Peano was perhaps best manifested at the 1900 International Congress of Philosophy in Paris, where Peano and his school dominated the discussion. The following is Russell's account of Peano at the congress and his effect on Russell, taken from [8, pp. 217-218] :
The Congress was a turning point of my intellectual life, because I there met Peano... In discussions at the Congress I observed that he was always more precise than anyone else, and that he invariably got the better of any argument upon which he embarked.
∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
Although the congress was the peak of Peano's prowess, it was also the starting point of his decline as a mathematician. His interests started to switch slowly towards artificial languages and later also towards mathematics education. At the time artificial languages were in fashion. Among the most popular ones were Esperanto and Volapük. Instead Peano proposed to use a simplified form of Latin, Latin stripped of grammar-Latino sine flexione. In 1908 he was unanimously elected director of the Academia pro Interlingua-an international academy of artificial languagesand remained its director until his death in 1932. Since his election his interests were mostly directed towards promoting the international auxiliary language movement and away from original mathematical research.
Peano died on 20 April, 1932. His last years were serene and satisfying. He was a well respected and revered figure in the mathematical community and international auxiliary language movement. Peano's gentle personality, his tolerance of human weakness, and his perennial optimism have been remembered by his family, friends, and disciples. For the rest of us, however, his name will always be associated with the set of postulates for the natural numbers, which we discuss now in detail.
In 1889 Peano published a treatise "Arithmetices principia, nova methodo exposita" (The principles of arithmetic, presented by a new method), where his famous postulates for the natural numbers appeared for the first time. This project is based on its English translation which appeared in [1, pages 101-134] .
The treatise consists of a preface and 10 sections. In the preface Peano explains his formalism and discusses the basic principles of logic and set theory that he uses throughout the treatise. Sections 1 through 7 develop the axiomatic theory of natural numbers and are our main concern. Sections 8 and 9 are dedicated to the theory of rational and real numbers, and finally section 10 presents some new theorems about sets of real numbers.
We begin by reading several passages from the preface to become familiar with Peano's notation. From the outset Peano states that his development is purely formal:
I have indicated by signs all the ideas which occur in the fundamentals of arithmetic, so that every proposition is stated with just these signs. The signs pertain either to logic or to arithmetic.
A little later he clearly expresses his belief in the axiomatic method:
But in order to treat other theories, it is necessary to adopt new signs to indicate new entities. I believe, however, that with only these signs of logic the propositions of any science can be expressed, so long as the signs which represent the entities of the science are added.
A belief that the twentieth century proved to be true! In his logical notation Peano uses "P" for proposition, "∩" for and, "∪" for or, "−" for not, "Λ" for false or absurd, and "⊃" for one deduces. For the sake of precision, Peano sometime uses "⊃ x,y,... " instead of "⊃":
If the propositions a, b contain the indeterminate quantities x, y, . . . , that is, express conditions on these objects, then a ⊃ x,y,... b means: whatever the x, y, . . . , from proposition a one deduces b. If indeed there is no danger of ambiguity, instead of a ⊃ x,y,... b we write only ⊃.
In his set theoretic notation Peano uses "K" for class (or set as we say today), and for the first time(!) introduces "∈" to denote is a member of. In addition, he uses the same symbols "⊃" and "Λ" that he used in his logical notation to denote is a subset of and empty set, respectively. 2 He also uses [x ∈]a for those x such that a. In his formalism Peano frequently uses dots instead of parentheses:
Generally we write signs on the same line. So that it will be clear how they are to be joined, we use parentheses, as in algebra, or rather points . : ∴ :: etc. So that a formula divided by points may be understood, first the signs which are not separated by points are taken together, then those separated by one point, then those by two points, etc. For example, let a, b, c, . . . be any signs. Then ab . cd means (ab)(cd); and ab . cd : ef . gh ∴ k means (((ab)(cd))((ef )(gh)))k.
After explaining his notation in the preface, Peano begins section 1 by presenting his famous postulates for the natural numbers. 3 

Explanations
The sign N means number (positive integer ); 1 means unity ; a + 1 means the successor of a or a plus 1; and = means is equal to...
Describe each postulate in your own words.
Note: Although Peano did not include 0 in N, today it is customary to do so.
Task 2.
Taking the above note into account, first describe the symbol set S, and then express the five Peano postulates in the first-order language L S . How many axioms do you need to express the Peano postulates in L S ? Explain why. 
∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
Task 5. Expand the symbol set S by a new binary function symbol + for addition; that is, set T = S ∪ {+}. In the enriched first-order language L T express the axioms defining addition.
At the end of section 1, Peano proves that + is well defined (that is, a, b ∈ N imply a + b ∈ N), that + is associative (that is, a + (b + c) = (a + b) + c for all a, b, c ∈ N), and that + is commutative (that is, a + b = b + a for all a, b ∈ N). Task 6. Let Φ denote the set of Peano postulates in L S together with the two axioms in L T defining +. Show that it is derivable from Φ that + is associative.
Task 7.
Show that it is derivable from Φ that + is commutative. (Hint: First show that (∀x)(x + 0 = 0 + x) and (∀x)(x + 1 = 1 + x) are derivable from Φ, where 1 is an abbreviation of s(0). To show that (∀x)(x + 1 = 1 + x) is derivable from Φ, first show that (∀x)(s(x) = x + s(0)) is derivable from Φ.)
In section 2 Peano defines subtraction and <.
∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ Explanations
The sign − is read minus, < is read is less than, and > is read is greater than.
∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ Task 8. Describe the above three definitions in your own words.
Note: Since subtraction is only a partial function, in L T it is easier to define < directly from +.
In the remainder of section 2 Peano proves many basic properties of <. In particular, he shows:
And proves that < is a strict linear order.
Task 10. Express the above theorem in L T and show that it is derivable from Φ. Also show that it is derivable from Φ that < is a strict linear order.
In a short section 3 Peano discusses maxima and minima of subsets of N. We will not discuss section 3 here. Peano begins section 4 by giving a recursive definition of multiplication.
Task 11. Expand further the symbol set T by a new binary function symbol × for multiplication; that is, set U = T ∪ {×} = S ∪ {+, ×}. In the enriched first-order language L U express the axioms defining multiplication.
Let PA denote the set Φ together with the two axioms in L U defining multiplication. The first-order theory PA is called Peano Arithmetic.
Note: PA is strictly stronger than the first-order theory of arithmetic developed without addition and/or multiplication.
Peano shows that multiplication is well defined and establishes many basic properties of multiplication, such as commutativity, associativity, distributivity over +, and others. In particular, he proves the following theorems:
Task 12. First describe the above four theorems in your own words, then express them in the first-order language of PA, and finally derive them in PA. (Hint: In showing that it is provable in PA that multiplication is commutative, associative, and distributes over addition, start by showing that PA (∀x, y, z)(x(yz) = (xy)z) and PA (∀x, y, z)(x(y + z) = xy + xz). Then show that PA (∀x)(0x = 0) and PA (∀x)(x1 = 1x). Finally, prove that PA (∀x, y)(xy = yx).)
In a short section 5 Peano gives a recursive definition of powers and proves their basic properties. We will not discuss section 5 here. Peano begins section 6 by defining division.
∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
Explanations
The sign / is read divided by, D is read divides, or is a divisor of, D is read is a multiple of, Np is read prime number, and π is read is prime with.
Definitions
∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ Task 13. Describe the above definitions in your own words.
Note: Since division is only a partial function, we will avoid its treatment in the first-order language of PA. The last three sections of Peano's treatise deal with rational numbers, real numbers, and sets of real numbers. We will not discuss them here.
